A fixed point detection theorem for a family of maps defined on the once punctured torus is proved. As a consequence, we produce an example of a homotopy class [ f ] of selfmaps on the once punctured torus that illustrates the following: (i) there is a map in the homotopy class that has no fixed points, and (ii) if the image of f lies in a 1-complex that embeds as a homotopy equivalence, then f must have a fixed point.
Introduction
A topological approach used in the study of the dynamics of surface homeomorphisms is to reduce the study to a onedimensional problem. For instance if the homeomorphism does not have an invariant 1-manifold, and is not finite order (up to isotopy), then the isotopy class contains a pseudo-Anosov which in turn is represented by a train-track map (see [3, 4] ). The train track is a 1-complex and the dynamics of the map is carried by all maps in the isotopy class of the pseudo-Anosov. A number of authors have covered the study of the dynamics in dimension one. A good survey is given in [1] .
For self-maps in general one should not expect such a representative map. But one may ask for a representative which carries certain dynamical information for the homotopy class of a given map. In the paper [8] it is shown that each homotopy class of self-maps on the pants surface has a fixed point efficient graph representative. That is, a map whose image lies in a 1-complex which embeds as a homotopy equivalence in the pants, and also has the least number of fixed points possible among all maps in the given homotopy class. The same result for the once punctured Möbius band is established as well. In addition, in that paper a partial result was given for the remaining two surfaces that have Euler characteristic equal to −1, the punctured torus and the punctured Klein bottle. These results were used in [7] to answer a question raised by Berrick, Chatterji and Mislin in [2] regarding homotopy idempotents on surfaces.
The existence of a graph representative as above is consistent with the results obtained in [5] and [6] . In [6] it is established that fixed point minimal surface maps (assuming surface has non-empty boundary) satisfy a pair of index bounds. In fact, these index bounds are exactly the same bounds that hold for self-maps on graphs that embed as a homotopy equivalence. The finite nature of graph representatives in the pants provides an alternate view of results in [5] .
The primary purpose of this work is to show that it is not always possible to get an efficient graph map to carry the minimal number of fixed points. In this paper we will focus on the once punctured torus, denoted by X . The once punctured Klein bottle can also we used to get a similar result. Let a, b be embedded curves in X meeting in one point and such that the inclusion (a ∪ b) → X is a homotopy equivalence. The pair (a, b) will be used throughout the paper as a preferred reference set of generators for π 1 (X). As the space X is a K (π , 1) , homotopy classes of self-maps are in one-to-one correspondence with endomorphisms of π 1 (X) up to conjugacy. This identification will be used throughout the paper.
The main result is set up by the following theorem which detects the existence of a fixed point. Proof. As a closed curve in X the word W has self-intersection number equal to one, and as a result cannot be represented by a simple closed curve. In the next section we give the proof that
The remainder of this paper is devoted to the proofs of these two statements. As mentioned above, Section 1 completes the proof of Proposition 1. To prove Theorem 1 we use an exhaustive method. That is, we will consider all possible choices for the graph G and the embedding i (the result will be independent of the retraction r).
As we will be considering graph maps in these cases, instead of adding extra vertices to produce fixed point free graph maps, it will be useful to consider graphs with the least number of vertices possible and maps that we call index fixed point free graph maps. That is, maps that send vertices to vertices, edges to edge paths, and are such that the vertices that are fixed by the map have a fixed point index equal to zero. Index fixed point free maps in the rank two case are classified in Section 2.
Section 3 gives the remainder of the proof of Theorem 1. We show that a graph map being fixed point free will lead to the conclusion that whenever our map f is a member of the family determined by a → 1 and b → W , where W is an arbitrary cyclically reduced word in π 1 , then the word W may be represented by a simple closed curve in the surface X .
We conclude with three comments regarding the result obtained in this paper. First, for the particular example given in Proposition 1 it can be shown that if we replace the rank 2 graph G by a rank 3 graph, then we can find a fixed point free representative. This may be done using the construction in the next section. So it is natural to ask if we can always find some graph image that realizes MF[ f ]. Secondly, as an observation from the methods used in [8] and the example produced here we note that counterexamples (to having a rank 2 graph) are rare when considered among all possible homotopy classes of maps. Is it possible to characterize in some way all possible counterexamples? Do there exist any counterexamples for maps on planar surfaces? Finally, the proof for the example in this paper arose from the consideration of a class of maps (determined by W ) for which the fixed point free assumption lead to the unexpected conclusion that W is a simple closed curve. This argument seems difficult to generalize. In general we should expect counterexamples to have minimal maps with fixed points. Moreover, extension of the proof to surfaces with lower Euler characteristic is not clear. Even for the twice punctured torus this requires the analog of Section 2 for the 15 distinct graphs having rank three.
A fixed point free map on the punctured torus
In this section we show that the homotopy class of maps corresponding to the word W = ab −1 a −1 bb has a fixed point free representative. Fig. 1 will be used to construct our example. The punctured torus X is viewed as being obtained from the disk D, which is the rectangle of Fig. 1 , by attaching a pair of 1-handles; H 1 along the attaching arcs A 1 ∪ A 3 and H 2 along A 2 ∪ A 4 . Let A = A i . Our map f : X → X is obtained by first prescribing the set f −1 (A), then f is defined on this set, and finally we indicate how to extend to a fixed point free map.
The set f −1 (A) is illustrated in Fig. 1 as follows: the region labeled R consists of six parallel arcs in f −1 (A), which extend to six parallel simple closed curves when H 1 is added. The remainder of f −1 (A) consists of four proper arcs in X , two near A 2 , and two near A 4 as indicated in the figure. Consider the arcs p 1 , p 2 , p 3 in Fig. 1, oriented in 
Since S is mapped into D, the region between α 1 and α 2 is mapped by f into H 1 . The choices f (α 1 ) = q 10 and f (α 2 ) = q 31 ensure that we can extend f to this region without introducing any fixed points. Similarly for the region between α 3 and α 4 , and consequently, f has no fixed points in H 1 ∪ H 2 . Analogous considerations hold for each of the components of D \ f −1 (A). For example the region S has α 1 mapping to q 10 and a component β of f −1 (A) mapping to a point on A 4 . Hence, index(S) = 0, and we can extend without fixed points.
Index fixed point free graph maps
Up to graph isomorphism, where we assume there are no valence 1 vertices, there are exactly three distinct graphs that have rank two. So their fundamental group is isomorphic to the fundamental group of the once punctured torus. The three are illustrated in the following figure: As a result of Proposition 2 given in the next section the eyeglass graph does not embed in the once punctured torus so that the inclusion map is injective. So our considerations are reduced to two cases, the wedge and theta graphs. The purpose of this section is to give a classification of index fixed point free graph maps in these two cases. This section and the remainder of the proof of Theorem 1 is divided into the following two cases:
Case 1: G is the wedge of two circles, denoted by G ∞ . Case 2: G is the theta graph, denoted by G Θ .
The following is a list of all of the index fixed point free maps up to some symmetry. We also orient edges so as to reduce some of the possible cases. When a vertex is fixed by a map we consider the germ of edges that meet the vertex. The condition that the index must be zero tells us that exactly one of these germs is invariant, with the map being expanding on the germ. Each of the remaining germs is mapped to an edge distinct from the one containing that germ.
Case 1.
Here the single vertex v will be fixed. Let r, s denote the two oriented edges, chosen so that the initial germ of r is expanding.
In this case we have index fixed point free exactly when
where p, q are arbitrary integers.
Case 2. Let r, s, t be three edges starting at vertex v and ending at vertex w. We consider three subcases depending on the image of the vertices.
(i) Both vertices are fixed.
We assume either r is expanding at v and s is expanding at w to get r → r t
or r is expanding at both v and w to get r → r t
Remark. All words are assumed to be reduced. For example, if
(ii) The vertices are permuted
(iii) Both vertices map to v.
Assuming expanding on the initial germ of r we get r → r t
Proof of the theorem
In this section we continue with the details of the proof of Theorem 1. We first present a few propositions which will be useful for the argument. This pants surface has two boundary components which are both isotopic to A, and one boundary component isotopic to the boundary of X . Up to isotopy these three curves are the only embedded curves in the pants surface. Thus B is isotopic to either A or the boundary of X . We claim that the embedding of G eye cannot be a homotopy equivalence. If so, the embedding gives a surjection onto the fundamental group of X . Hence we get a surjection after we pass to the abelianization. If B is isotopic to A, both A and B project to the same element. If B is isotopic to the boundary of X then it projects to the trivial element. In either case the rank of the abelianized image is one, and hence, the projected embedding cannot be surjective. 2
By a geometric set of generators for π 1 (X) we mean a pair of simple closed curves in X that intersect in a single point * and the based loops (at * ) generate π 1 (X). Let 
where u(·) denotes the b-exponent sum of the word φ −1 (·). To complete the proof of Theorem 1 we now suppose that there is a graph G with an embedding G → X which is a homotopy equivalence, and our map f in Theorem 1 induces a map g : G → G which is also fixed point free. Or at least index fixed point free. The map g can be thought of as the composition of the embedding into X , a map homotopic to f and a suitable retraction back to G.
We equate (c, d) with the choice of a natural geometric set of generators as in Proposition 3, and then equate these with the results of the previous section regarding index fixed point free maps. 
